Abstract. By relaxing the requirements for a sequence of functions to be a delta sequence, a space of Boehmians on the torus β(T d ) is constructed and studied. The space β(T d ) contains the space of distributions as well as the space of hyperfunctions on the torus. The Fourier transform is a continuous mapping from β(T d ) onto a subspace of Schwartz distributions. The range of the Fourier transform is characterized. A necessary and sufficient condition for a sequence of Boehmians to converge is that the corresponding sequence of Fourier transforms converges in D (R d ).
Introduction
Boehmians are classes of generalized functions whose construction is algebraic. In [3] , Mikusiński constructs a space of Boehmians β T in which each element has a Fourier transform which is a distribution. Moreover, the Fourier transform is a continuous bijection from β T onto the space of Schwartz distributions D (R d ).
In this note, we will investigate a subspace β(T d ) of β T . The space β(T d ) can be thought of as the space of Boehmians on the torus T d .
By using a slightly different construction, the space β(Γ) of Boehmians on the unit circle has been studied in [1, 5, 6] . The space β(Γ) is quite general. It contains a subspace which can be identified with the space of periodic Schwartz distributions as well as some elements which are not hyperfunctions. However, the space of hyperfunctions cannot be identified with any subspace of β(Γ).
One of the motivating factors for this paper was to construct a space of Boehmians which contains the space of periodic hyperfunctions. By using a more general definition for delta sequences, we will see that both β(Γ) and the space of hyperfunctions are properly contained in β(T 1 ).
This article is organized as follows. Section 2 contains notation and the construction of the space of tempered Boehmians β T . Section 3 contains the construction of the space of Boehmians on the torus β(T d ) as well as the investigation of the Fourier transform on β(T d ). The range of the Fourier transform is characterized. In Section 4, we study the convergence structure of δ-convergence on β(T d ). An inversion formula for the Fourier transform is given. It is shown that there is a locally convex metric topology which gives the identical convergent sequences in β(T d ) as does δ-convergence.
Notation and the space β T
In this section, the space of tempered Boehmians β T [3] is introduced. Let α = (α 1 , . . . , α d ), where α j is a nonnegative integer, be a multi-
for every nonnegative integer m. The space of all rapidly decreasing functions on A pair of sequences (f n , ϕ n ) is called a quotient of sequences if f n ∈ T for n ∈ N, {ϕ n } is a delta sequence, and f k * ϕ m = f m * ϕ k for all k, m ∈ N, where * denotes convolution:
Two quotients of sequences (f n , ϕ n ) and (g n , ψ n ) are said to be equiv-
A straightforward calculation shows that this is an equivalence relation. The equivalence classes are called tempered Boehmians. The space of all tempered Boehmians will be denoted by β T and a typical element of β T will be written as
A function f ∈ T can be identified with the Boehmian f * ϕn ϕn . The identification is independent of the delta sequence.
The operations of addition, scalar multiplication, and differentiation are defined as follows:
The space of infinitely differentiable functions on R d having compact support is denoted by D(R d ), and the dual space of
Let {ϕ n } ∞ n=1 be a delta sequence. A useful property that will be used throughout the sequel is that ϕ n → 1 uniformly on compact subsets of
The existence of a delta sequence {ϕ n } ∞ n=1 such that the support of each ϕ n is compact will also be useful. This can be shown as follows.
Let
is a delta sequence and that ϕ n has compact support for all n ∈ N.
Definition 2.1. The Fourier transform of a tempered Boehmian F = f n ϕ n is given by F = lim n→∞ f n , where the limit is taken in D (R d ).
The above limit exists and is well-defined. Moreover, Mikusiński [3] has shown that the range of the Fourier transform is D (R d ).
The space β(T d )
In this section we will construct and study the space of Boehmians on the torus
We make no distinction between a function on T d and a function on
The translation operator τ 2π can be extended to β T as follows:
It is easy to check that τ 2π F is a tempered Boehmian. The space of Boehmians on the torus β(T d ) is defined as follows.
The proof of the next lemma is routine.
The Fourier coefficients for a locally integrable function f on T d are given by
is a delta sequence, there exists a p ∈ N such that ϕ p (k) = 0. Now,
Thus the following definition is well-defined.
The collection of all distributions of the form k∈Z
The previous theorem shows that the Fourier transform maps
The next theorem shows that the mapping is actually onto
Theorem 3.5. The Fourier transform is a bijection from β(T
Proof. Let {α k } k∈Z d be a matrix of complex numbers. Let {ϕ n } ∞ n=1 be a delta sequence such that supp ϕ n is compact. Put
Now to show that the Fourier transform is an injection, let F =
This completes the proof. 
It is known that f is a periodic hyperfunction if and only if
f = k∈Z d α k δ(x − k),
Convergence
Let U be a class of sequences on a space X (with or without a topology). We say that The space β(Γ) of Boehmians on the unit circle with a convergence structure known as ∆-convergence is topological. Indeed, β(Γ) is an F-space. That is, it is a complete topological vector space where the topology is given by an invariant metric. However, β(Γ) is not locally convex [1] .
In this section, we introduce a convergence structure on β(T d ) known as δ-convergence. For the space β(T d ), δ-convergence is equivalent to ∆-convergence. We will show that β(T d ) with δ-convergence is topological. In fact, δ-convergence is equivalent to a locally convex metric topology. Definition 4.1. A sequence of functions f n ∈ T is said to be convergent to f ∈ T if there exists a polynomial p such that
where {ϕ n } ∞ n=1 is any fixed delta sequence.
It is not difficult to show that the mapping ι is an injection which preserves the algebraic properties of T . Thus, T can be identified with a proper subspace of β T .
For
The proof of the following theorem may be found in [3] .
for all n ∈ N. For if not, replace f n with f n * ϕ n . Then F = fn * ϕn ϕn * ϕn
This completes the proof of the theorem.
is complete, and hence,
be a delta sequence such that supp ϕ j is compact.
Let n, j ∈ N be fixed. Then, for each m ∈ N there exists a constant
Now, for each n, j ∈ N,
for all x ∈ R d . Since ϕ j has compact support, for a fixed j, the above sum has only a finite number of nonzero terms. Therefore, since, for As a final note, in [4] , Mikusiński describes a construction for Boehmians on manifolds. He indicates how this may be used to construct Boehmians on a torus. However, the delta sequences used in Mikusiński's construction are less general than the one used in our construction.
